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PRODUCT INTEGRAL SOLUTIONS FOR HEREDITARY SYSTEMS

BY

JAMES A. RENEKE

ABSTRACT. Hereditary systems which satisfy a Lipschitz condition are

solved in terms of product integrals. Realizations of this type of hereditary

system are provided from functional differential and integral equations.

Introduction.   Suppose that  {X, ||.||}  is a Banach space,  5  is an interval of

nonnegative numbers which includes  0, 5    is an interval of numbers which con-

tains  5, and  G  is a linear space of functions from 5    into  X.   We will use  0

to denote, where appropriate, either the real number, the zero element of X, or

the member of  G whose only value is the zero of  X.   Suppose that  N  is a func-

tion from 5  into the class of all pseudonorms on  G such that

(i)   If w  is in 5  and / is in  G then  N   if) = 0  if and only if fiu) = 0, for

all  u <w,

(ii)   if u < w then  N  if) < N   if), tot each / in  G, and

(iii)   ÍG, N\ is complete.

Let H denote the class of all functions from  G  into  G and   1   the identity

function in  H.   Suppose that  K is a function from  5    x 5     into  H such that

(i)   if / is in  G, [u, v]  is a subinterval of 5 , and  ¡  is a member of 5

not exceeding  u, then  [Kiu, v)f]it) = 0,

(ii)   if each of u, v, and  w  is in  5    and  v  is either between  u and  tzz, u

= tz, or  tz = tzz, then   Kiu, v)f + Kiv, w)f = Kiu, w)f, for each / in  G, and

(iii)   there is a function  k from 5  into the class of nondecreasing functions

from 5 to the numbers such that, for each positive number w  in 5,

N   iKiu, v)0) < k   iv) -k   iu)
w —    w w

and

NjKiu, v)f - Kiu, v)g) < (L) jv Nff - gldkjx),

fot each  (/, g)  in  G x G  and subinterval  lu, v]  of [0, tzz].

We want to consider the equation
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484 J. A. RENEKE

(1) híu) = fíu)+[KÍO,u)h]íu),

where  / is in  G.   Equation (1) will be called an hereditary system.   The phrase

hereditary system is meant to suggest a system for which the response depends

only upon the previous history of the system.   For Stieltjes integral equations

[7] the phrase well posed has been used to describe this situation.   Amongst

functional differential and integral equations [3] those which exhibit this behavior

are called delay equations.   Nonanticipatory is used for stochastic integral

equations [9].   Hale and Cruz [4] applied the phrase hereditary system to a class

of such systems described using derivatives.   There is a large overlap of equation

(1) with the systems discussed in each of these areas.   Our purpose is to apply

the method of product integration, which may be loosely described as a refine-

ment of the Cauchy-Euler method, to the problems of existence, uniqueness, and

continuity for hereditary systems.

Existence and uniqueness.   We should note that if h  is in  G  then the func-

tion g  from S'  into  X defined by giu) = [K(0, u)h]iu), tot all  Z2  in S', is in  G.

This follows from the completeness of G.   Let g denote the function from 5  into

G defined by g    = K(0, u)h, for each  u  in S.   Then  N   ig    - g  ) = 0, for  u, v,

■and w  in S  and w < u < v.    Hence the net \S, g\ has a limit g,   in  G.   But

g Au) = g   fo) = [K(0, w)h]iu) -giu), for  w  in S and  Z2  in 5    not exceeding w.

So g   is in G  and giu) = 0, for  u  in  S    not exceeding   0.

Thus for each f in G  we seek a solution of equation (1) in  G.   Our method

for exhibiting such a solution is essentially that of [ll] and depends upon the

introduction of a related operator equation.   We will introduce and use Mac Nerney's

device [8] of jumping the dimension in order to circumvent the technical difficulty

that members of H  might not map 0  to   0.

Let foGx /(2), where /(2) denotes the integers modulo 2.   Define addition on Lj

componentwise and Ti on § by JTr iig, m)) =  N  ig) + m, for u  in S   and  ig, m)  in L¡.

Let sí denote the functions from  L¡   into L,  which map the zero of ^  to zero.   We

will also use 1 to denote the identity function in K.   Let   V denote the function

from S x S  into H defined as follows:

\[KÍV,   u)g]iw)       if    V<  ZZ,

[V(a, v)g]iw) =   I
(0 otherwise,

for each g  in  G , fo, v)  in S x S, and  w  in S .   Let C denote the function from S x S

into H defined by  Cfo, v)ig, m) = ÍViu, v)g - Vfo, 22)0 + mViu, v)0, O), for each

fo, v)  in S x S  and  ig, m)  in \j.

Suppose that  k  is a function from 5  into the class of nondecreasing functions

from S to the numbers corresponding to  K  as in condition (iii).   Such a function k

will be called a family of super functions fot  K.
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Theorem 1.   For each  (zz, tz)   z'77  5x5  and g  in  G, the continuously con-

tinued product    Uv [l + V]g  is a member of G.

Proof.,   The proof depends upon the recognition of the fact that our situation

is only slightly more general than that encountered by Mac Nerney in [8].   There

is no problem if u < v.   Suppose that  [iz, u]  is a subinterval of  5 and each of

ig., mf and  (g2, ttz  )  is in ^¡.   If tzz   is a positive number in 5  and w > u  then

JljGiu, v)igvmf - ö(a, v)ig2, m2)) < \kju) - kJvYTlJig v mf - (g2> mf).

From Lemma 1.2 of [8], we have that for each positive number  b  there is an

order partition s   of \u, v\  such that if t refines  s  then

\(n & + oxg, o - n ti+cKg, o) = nw(u [1 + V]g - n u + V]g) < h.

Hence the existence of    ü1' [l + V]g  follows from the completeness of  G.

Let  W denote the function from  5x5  into H defined by  Wiu, v)g =

Il^tl + V]g, tot each  (a, tz)  in  5x5  and  g  in  G, and  h the function from  5

into X defined by

( fiu) if  u < 0,
■-&(«) = ]

([Wiu, 0)/](a)    if 0< u,

tot each  u  in 5 .

Theorem 2.   />  zs in  G  and [K(0, a)/z](a) = [(R)/°VW[ , 0]/](a), /or eaci  u  in

S , i.e., h  is a solution of equation  (1).

Proof.   Let g denote the function from 5  into G defined by  giu) = Wiu, 0)f,

for each  u  in 5.   The net  \S, g\  is Cauchy and g  iv) = Mi;), for each  a  in 5

and tz  in 5    not exceeding u.   Hence  h  is in  G.

Let  T  be a positive number in 5  and (i  denote the function from S x S  into

K defined by  (f(a, iz)(g, tzz) =   Ilv[l + if\ig, m), tot each  iu, v)  in 5 x 5   and

ig, m)  in g x §.   We should note that (¡Xa, iz)(/, l) = (W(a, v)f, l), for each

(a, tz)  in 5 x 5.   Hence, for  u, v, and  tzz  in [O, T] with  u < v, we have

NjwGz, 0)/- w(a, 0)/) = njlDiv, 0)if, 1) - Wiu, 0)if, 1))

= lljltiv, uMu, 0)if, 1) - ffl(a, 0)(/, 1))

<ipiv,u)-l)y[w&iu,0)if,l))

<ipiv,u)-l)piu, 0)iNjf) + l)

= ipiv, 0)-piu, 0))iNjf)+ 1),
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where pix, y) =  Uy [l + dk^A  for each  fo, y)  in S x S.

Suppose that u  is in  [0, TJ  and  f  is a positive number.   There is an order

partition  r of  fo,  0\ such that if fo6 in  refines r then

NT (iR) f° VW[ , 0]f-iR)  Z VW[ , 0]/) < 1

and

iR) Z íí[  » 0]o-¿r -iR)  Z ii[ , 0]a^T<-i(/Vr(/)+ 1),

for each refinement t  of s.   Let s~ip) = sfo - p), tot   p = 0, 1, 2, • • •  ,22, and Z

be a refinement of s   such that if  a is an increasing integer-valued sequence and

5" = t[a] then

t^í¡¿P!1)Nx(WÍTp_l,0)f-h)dkTix)
77 = 1

<P)

Z Z Wz(9-l) (M/(%-i- 0)f-h)ikTitq) - kTitq_x)) < |.
f7 = l     ?=a(Zj-l)+l J

Thus

NT

< NT

+ NT.

<

(iR) f° VW[  , 0]/- K(0, u)hj

(iR) f° VW[ , 0]f-iR) Z VW[ , 0]/J

(Z   Kt*p. *,_!>»(*,, 0)/-K(0,i.)i)

3- + ̂ r(Z K(fo>-i' V^-i. °V- *«>, «)*)

2e        JL "?(£)
3- - Z     Z  , ^(,.1)^-1. °v

7>=1   9=a(zj-l)+I

-wit   vo)f)íkTit(])-krítq_1))

iíL) Z /it 7 0]dkT - ÍL) Z ftf  7 0]z7¿TJ (NT(/) + fo

<e.
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Therefore   NfiR) J° VW[ , 0]f - X(0, u)h) = 0  for each  u  and v  in 5  and so

ig) f° VW[ , 0]/ = K(0, a)¿>, for each  u  in 5.   Hence  [(/?) J° VW[ , 0]/](a) =

[K(0, zz)¿](a), for each a  in 5.

Theorem 3.   Equation (1) has only one solution in  G.

Proof.   Suppose that each of h.   and ¿     is a solution of equation (1) in  G

and  a  is a positive number in 5.   Then

Nfhl - hf = NfKiO, u)hl - KiO, u)hf

< (L)   [v N ih, - hfdk ix) <Nih,- hf)\k iv) - k (0)i,

for each tz  in 5  not exceeding u.   Therefore, for each positive integer n,

Nfhx - hf < (Vu(¿j - h2)[kfu) - kf0)]n/n\

and so N  ih, - hA = 0.   This means  h, = hn.
u      1 ¿ 12

Continuity.   For each positive number t  in 5  let p    denote the function from

5 x 5 to the nonnegative numbers defined by  p iu, v) =   W [l + |«?¿ |J.   Then we

have for each positive number /  in 5, subinterval [a, tz]  of  5, and  (gj, gf)  in

G x G, that  N (Wiu, v)gl - Wiu, v)gf < p iu, v)N ig1 - g2).   This observation

serves as a proof for the following theorem.

Theorem 4.   // \D, f\  is a Cauchy net in  G with limit f and h , for each n

in D, is the member of G such that h iu) = / (a) + [K(0, u)h  ](a), for each  u in' 72 ' 72 ' 72 '

5, then \D, h \ has limit h  in G.

Theorem 5.   // 5 = [ 0, T];  D  is a directed set;  K  is a function from D  into

the class of all functions from S x 5  into H; and k  is a function from  D  into

the set of nondecreasing functions on S such that (1) Kn satisfies (i) a?2zi (ii)

above, for each n in D, (2) k     is a super function for  K    for each  n  in D,

ig,, gf  in G x G, and subinterval [a, tz]  of S, (3) ¿T  is the uniform limit of

\D, k \; and (4) for each positive number b and g  in G  there is a member n of

D such that  N_(K(a, iz)g - K   iu, v)g) < b, for each m  in D  which follows  n and

subinterval [a, tz]  of S;  then  \D, h \, where  h    for each n  in D   is the member of

G such that h  iu) = fiu) + [K  (0, u)h  ](a), for each  u  in 5, has limit h  in  G.
72 ' 72        ' 72 '

Proof.   Theorem 5 is a corollary of Theorem 3 [l2J.   For each  ?2  in  D, let

Fn denote the function from  5x5  into H defined by [F (a, iz)g](tzz) =

[K (0, iz)g](izz).   Let  F denote the function from 5x5  into H defined by

[F(a, zz)g](izz) = [K(0, iz)g](îzz).   Then  \D,  F \ is convergent with limit  F.   Hence

\D, b \ converges uniformly on  5 with limit  h.
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Realizations.   The realizations of  K presented in this section will demonstrate

the wide variety of hereditary systems to which the methods of product integration

apply.   Suppose that S = ç , G is the class of quasicontinuous functions from 5

into  X, and  N  if), fot each  u in S and / in  G, is the least number  b such that

||/fo)|| < b for all  x in  S not exceeding  u.   Let  M  denote the class of all func-

tions from  X  into  X.   Suppose that  F  is a function from S x S into  M  and  k is

a nondecreasing function from S to the nonnegative numbers such that (i) Ft , u]P

is in  G, for each  Z2  in 5  and   P  in  X, (ii) ||F(zz, iz)0 - FÍu, w)Q\ < \kiv) - kiw)\

and

\\\Fiu,v) - FÍu,w)\P-\FÍu,v)-FÍu,w)\Q\\ < |¿fo) - ¿fo)| . ||P-0J,

for all  u, v, and w  in S  and (F, Q)  in  X x X.   The equation

(2) hiu) = f íu) + ÍL) ¡Q   dF[u, ]h,

where / is in  G, was considered in [ll].   We can relate those results to the

present paper by introducing a function  K from S x S  into H as follows:

[Kiu, v)g]it) =

(L)   Cv dF[t,  ]g     it u< v< t,
J u

ÍL)    P dF[t,   ]g        if   22 <  t<  V,
J u

\ 0 otherwise.

With this realization, equations (1) and (2) are equivalent.

Mac Nerney [7] and Herod [5] have both introduced generalizations of Stieltjes

integral equations in the direction of hereditary systems.   Comparison of our

paper with each of theirs might illuminate condition (iii) on  K.

For our second realization, suppose that  X = Rn,   ||.||   is the Euclidean norm,

S    = S, G  is the class of quasicontinuous functions from S  into  X, and  N if),

tot each u in S and / in  G, is the least number  b such that  ||/fo)|| < b for all

x  in S not exceeding   u.   Suppose that g  is a function from  S x S x X into  X

and  722  is a function from S x S  into the nonnegative numbers such that

(i)   for each  a  in S  and / in  G, the function  h  from S  into X  defined by

hiv) = giu, v, fiv))  is Lebesgue summable on each compact subinterval of 5,

(ii)   for each subinterval lu, v]  of S and  f in  G the function J11 g[ , s, fis)]ds

is in  G,

(iii)   rata, ]  is summable on each compact subinterval of S, for each  u in  S,

(iv)   Ugfo, s, 0)|| < miu, s) and   ||gfo, s, P) - giu, s, Q)\\ < miu, s)\\P - Q\\,

for each  22  in  S, almost all  s  in  S, and  (P, O)  in  X x X, and
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(v)   there is a nondecreasing function  k from 5  to the nonnegative numbers

such that   fv miw, s) ds < ¿(tz) - ¿(a), for each subinterval  [77, tz]  of 5  and  w
J u —

in 5.   The equation

(3) Ma) = fiu) +   f " giu, s, hisfds,

where  / is in  G, is seen to be equivalent to equation (1) upon defining   K as

follows:

I     git, s, kis))ds      if  u < v < t,
Ju ~     ~

[Kiu, v)h]it) =    {    f git, s, his))ds      if u < t < v,

1 otherwise.

Finally, suppose that  ÍX,  ||-j] S  is either the space of real numbers or the

space of complex numbers with the usual norm, r is a positive number, 5  is a

compact interval  [0, T], and 5    = [— r, T].   Let  G be the class of all absolutely

continuous functions from 5    into X  and let  N if) = l.u.b. Il/(*)|| +
u ' — r <,x < u  u "

it 11^/11 • Suppose that m is a summable function with values in the nonnegative

numbers, gj is a summable function with values in X, and g2 is a function from

S x [- r, 0] into X such that

(i)   g2[a, /]  is Lipschitz with Lipschitz constant  Z7z(a), for each  a  in 5, and

(ii)   for each / in  G, the function  h from  5  into  X defined by  hiu) -

f_   d/[u + l]dgfu, l]/dl is summable.

The reader is referred to  [2] for a discussion of the representation of con-

tinuous linear functionals on the space of absolutely continuous functions.

The equation

r r-     i  rn    dh[s + l]dg   [s, l]\

(4) hiu) = fiu) + Jo" gfs)his -r)ds+ Jo"  J Jj   -j-J-j ds,

where  / is in  G, is seen to be equivalent to equation (1) upon defining   K as

follows:

.    i rn   dh[s + l]dg  [s, l]\

SI ixW*-r)A - SI (L -dl-Vs    *«*»*'■

[Kiu,v)h\t) =  1  JJ gfs)his-r)ds + f° ( j°r
dh[s + l]dg2[s,l\

Tl
>ds     it u< t < v,

0    otherwise.
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Local theory.   Condition (iii) on   K is the critical assumption which permits

the application of Mac Nerney's product integral theory to hereditary systems.

Other researchers have studied the product integral  [l], [10], [6]  and this raises

the possibility of weakening or changing condition (iii).   A complete investigation

of this problem is outside the scope of this paper; but in this section, two alter-

nate versions of condition (iii) are presented which fit within the framework of

the existence theory already developed.

We will assume in this section that, for each u in S and / in G, N if) is

the least number b such that ||/fo)|| < b tot all x in S not exceeding zz. For

each positive number  b let  T,   denote the function from  X  into  X  defined by

P if  IIPII < h,

'fo/||P||)P    if  ||P||>¿>,

for each  P  in  X.   We will assume, further, that  TAf]  is a member of  G, for

each positive number  b and / in  G.   Note that N ÍT Af] - T Ag]) < 2/V  (/- g),

for each  u  in  S, positive number  b, and  (/, g) in  G x G.

Suppose that  K.   is a function from S    x S    into  H which satisfies conditions

(i) and (ii) of the first section and

(iv)   for each positive number  b the function   K from S x S  into  H defined

by  KÍu, v)g = K.iu, v)TAg] has a family of continuous super functions.

Let  V,   denote the function from S x S into H defined as follows:

I [K.fo, u)f]iw)    if v<u,
\yxiu, v)f\w) = j

( 0 otherwise,

for each / in  G,  iu, v) in  S x S, and  w  in S".

Theorem 6.   For each f in  G  there is a positive number v  in S such that,

for each u  in S not exceeding v,   W Au, 0)/=   II    [l + V Af exists.   Furthermore,

if h  is the function from S    into X defined by  hiu) = [Wjfo, 0)/]fo),   for all u

in S, then h  is in  G and hiu) - fiu) + [K.fo, 0)h]iu), for all u  in S    not ex-

ceeding  v.

Proof.   Suppose that  w  is a positive number in  S,   b  is a number larger

than  N   if) + I,  k is a function from 5  into the class of continuous nondecreas-
w   ' '

ing functions from S to the numbers corresponding to be as in condition (iv),

and v is a positive number in  [0, w]  such that  exp(2¿   iv) — 2k   iu)) <

b/\N   if) + IS.   Let   V,   be the function from S x S  into  H defined by   Vfofo, v)f

= VAu, v)TAf], for each  iu, v) in  S x S and  g  in   G.   Define  öj   and  Ö,   in

terms of  V.   and  V   , respectively, as in §2.    For each decreasing sequence

\t   i!?  such that  t„ < v and  t    = 0, we have
p 0 0 — n
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k(u [i+<wi}) < n<i+2Jkjiwnf, D)

< expi2kjv) - 2kJu))iNwif) + l)<h.

Hence   N   (II   [l + V,]f) < b.   So, by induction, II  [l + V,]f = II   [l + V,]f and
w     t b '     — J t b ' t l   '

hence     II    [l + Vff exists for each  a  in 5  not exceeding  tz.   This also shows

that  Wfv, 0)/= Wfv, 0)/.   If h= Wfv, 0)f, then b   is in  G, Njjb) < b, and

hiu) = fiu) + [Kfu, 0)h]iu) = /(a) + [Kfu, 0)h]iu), for all  a   in 5'  not exceeding v.

For the remainder of the section, we will assume that  G  contains the con-

stant functions and each member of G   is continuous on 5.   Suppose that P   is a

point in X  and   K     is a function from 5    x 5    into H  which satisfies conditions

(i) and (ii) of the first section and

(v)   there is a positive number b  such that the function  K  from 5    x 5    into

H defined by  K(a, iz)g = K Au, v)\T A g - Iç'P] + 1  ¡P\ has a family of continuous

super functions.

Let  V2  denote the function from 5x5   into //  defined as follows:

l[K7(iz, u)f]iw)    if v < a,

[V2(a, v)f]iw) = j
( 0 otherwise,

for each / in  G, (a, iz)  in  5 x 5, and w  in 5 .

Theorem 7.   There is a positive number b such that if f is in  G and

N  if — 1S'P) < b then for some positive number v in S the product  W Au, 0)/ =

n    [l + V ]/ exists, for each a  in S not exceeding v.    Furthermore, if h  is

the function from  S    into X defined by  hiu) = [W  (iz, o)/](a), for all u in  S ,

then h  is in  G and hiu) = fiu) + [K iu, 0)h]iu), for all u  in  S    not exceeding  v.

A proof may be constructed along the lines of the proof of the preceding

theorem by introducing  V,   as follows:    V.iu, v)g = Vfu, v)\Tb[g - lsiP] + ls# f K

for (a, tz)  in  5x5  and g  in  G.   The inequality [8]

Nv(jl[l + Vb]f-ls.p)

N  P ?=?z + l '

<iexp(2¿u/zz)-2¿(0))- l\iNff)+l)+ Nff- l$'P),

leads us to choose  v  so that
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Sexp(2¿u;fo)-2¿u/0))- l\ÍNvíf)+ l)+ Nvif- ls>P)<b.

Corollary.   // K Au, v)0 = 0, for each  iu, v)  in S    x S , P = 0, and k has

only one value and that value has a bounded final set, then there is   a positive

number d such that if f is in  G and  N   if) <d, for each  w  in S, then  W Au, 0)/

=    Il    [l + V Af exists for each  n  in S.    Furthermore, if h  is the ¡unction from

S    into X defined by

Uiu) if u< 0,
hiu)=\

/ [W2iu, 0)/]fo)    if 0<u,

for each  u  in S , then h  is in  G and hiu) = fiu) + [KAu, 0)h]iu), for all u  in S'.

More on realizations.   Suppose that X = R",  \\.\\   is the Euclidean norm, r  is

a positive number, S  is a compact interval [0, 7*1, S    = [- r, T],   G  is the class

of continuous functions from 5    into  X, and  N if), fot each u  in 5  and / in G,

is the least number  h   such that  ||/fo)|| < b, for all x  in S    not exceeding  zv.   Let

C denote the continuous functions from  [- r, 0]   into X  and   ||-||, the supremum

norm on  C.   For each  u  in  S and  / in  G, let  /    denote the member of  C defined

by  / (x) = /fo + x), tot all x  in  [- r,  0].

Suppose that  X     is an open subset of X, C. denotes the members of C with

values in XQ, and  g  is a function from  X x X x C     into  X  with the following

properties.

(i)   For each f in  G  with values in  X     and  u  in S  the function h from

S  into  X defined by  hiv) = gfo, v, f )   is summable.

(ii)   For each subinterval  [u, v]  of S and / in  G  with values in XQ  the

function   fo g[ , s, f ]ds   is in G.
j u ° ' s

(iii)   For each closed ball  B  contained in X.  there is a function  m  from

S x S  to the nonnegative numbers and a continuous nondecreasing function k

from S  such that   ||gfo, s, f)\\ < miu, s) and   ||gfo, s, /) - giu, s, g)\\ <

miu, s)||/-g||., for each u  in S, almost all s   in S, and / and g  in C A with

values in B; m[u, ]  is summable, for each  u  in S; and  fv  miw, s)ds  <

¿fo) - ¿(a), for each subinterval  fo, v]  of S  and 227   in S.

We want to relate the functional integral equation

(5) hiu) =

/fo) if -r< Z2< 0,

/fo)+   I " giu, s, h )ds     if   0 < u,JO s

where /  is in  CQ, to the development in the preceding section.   Suppose that   P

is a point in X 0 and  b  is a positive number such that the closed ball B  with
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center P   and radius  r  lies in X „.   Suppose that tzz  and  k  ate functions as in

(iii), above.   Let  K2  denote the function from 5    x 5    into H  defined as follows:

/ £ giw, s, Th[hs - l[_r>0]P] + X[.r,opds     if  a < tz,

[Kfu, v)h](w) = |

I 0    otherwise,

where y = max(0, min (tz, tzz))  and  x = max(0, min (a, w)).

If / in equation (5) satisfies  N Q(/ - lr   _ T]P) 5 b  then (5) is equivalent to

hiu) = fiu) + [KfO, u)h]iu) and by Theorem 7 has a solution on  t- r, v]  tot some

iz  in [0, T]  which can be represented as a product integral.
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